Math 245B Lecture 4 Notes

Daniel Raban

January 14, 2019

1 Separation Axioms and Urysohn’s Lemma

1.1 Second countability and separability

Proposition 1.1. Every second countable topological space is separable. In metric spaces,
the converse is true.

Proof. Let E be a countable base for 7. Pick one point xy € U for all U € £. Now
{zy : U € E} is dense. Let y € X, let V be a neighborhood of . Now V' = (J;;¢e U for
some &' CE. U U €& thenuy € V,s0o VNi{zy} #2.

Let (X, p) be a separable metric space, and let A C X be countable and dense. Let
E={By(z) :xz € A;r>0,r € Q}. Check that this is a base:

1. Uzea Bi(z) = X by the density of A.

2. Let z,y € A, r,s € QN (0,00). Let z € B.(z) N Bs(y). Pick § > 0 with § € Q such
that Bos(z) C By(z) N Bs(y). Let w € A be such that p(z,w) < §. Now Bs(w) > z,
and B(S(w) - B26(Z) - Br(m) N Bs(y) O

The reverse implication is not true in general, but you have to deal with a complicated
set theory construction.
1.2 Separation axioms
Definition 1.1. A topological space (X, 7T) has property

1. Tp: For all z,y € X with = # y, there exists U € T such that |[U N {z,y}| = 1.

2. Ty: For all z,y € X with x # y, there exists U € T such that U N {z,y} = {z}.

3. T, (Hausdorff property): If © # y € X, there exist U # V € T such that
UNT=g,zeU,andy V.

4. T3 (regular): T and whenever z € X and A C X is closed, there exist U,V € T
such that UNV =g, z € U,and A C V.



5. Ty (normal): T} and whenever A, B C X are closed and disjoint, there exist U,V € T
open such that UNV =@, ACU, and BCV.

Proposition 1.2. (X,T) is T1 if and only if singletons are closed sets.

Proof. (= ): Let {z} € X. If y € X \ {2z}, then by T1, there exists U)y € T such that
y inUy, x ¢ Uy. Now X\ {z} =1, U, € T.
(<) Ifx #y e X, then X \ {z} is open and contains ybut not x. O

Corollary 1.1. Ty — 15 = Ty, = 11 = Ty.
Lemma 1.1. Any metric space (X, T) is Ty.

Proof. Assume A,B # @. A C {z: p(z,A) < p(z,B)}, and B C {z : p(z, A > p(x,B)},
where p(z, A) = inf ca p(z,y). The function z — p(x, A) is continuous, so these are open
sets. O

1.3 Urysohn’s lemma

Lemma 1.2 (Urysohn). Let (X,T) be Ty and let A, B C X be disjoint and closed. Then
there exists f € C(X,[0,1]) such that fla =0 and f|p = 1.

Remark 1.1. In metric spaces, we can just use the function

- p(z, A)
1) = S &)+ o B)

The converse is true, as well; it is much easier to prove.

The idea is that if you had f, you could construct level sets (like when f = 1/3). We
try to reconstruct f using its level sets.

Lemma 1.3. Let A = {k/2" :n > 1,0 < k < 2"}. Then there exists {U, : v € A}y C T
such that

1. ACU, C B¢ for allr.
2. Ifr <seA, then U, C Us.

Proof. We want to find Uy /5 such that A C Uy, and Ul/g C B°. By Ty, there exist U O A
and V D B such that UNV = @;ie. U C V¢ C B¢ so U C B®. Now let Uy :=U.
Suppose we have U, for r = k/2" n=1,...,m — 1. Consider U, where s = d/2". Let
r1 = (¢ —1)/2" ,and 7o = (¢ + 1)/2". Repeat the previous construction with the closed
sets U, and Uf,. This gives us Us. O

We can now prove Urysohn’s lemma.



Proof. Let {U, : r € A} be given by the lemma. Define

f(z) {inf{TEA:xEUT} dreAst.zel,
x) =
1 x¢Ur€AUT

Suppose z € X, 0 < f(x) < 1. Let ¢ > 0. Choose 1 < ro2 € AN (f(x) — e, f(x)),
s € AN(f(z), f(z) +¢€). Now z € U, Q (U,,)¢, but € Us. Now Ug N (U,,)¢ us a
neighborhood V' of x and f[V] C (f(z) — ¢, f(x ) £). O

Here is the final (but not very useful) separation axiom.

Definition 1.2. A topological space (X,7) is T3y if for all z € X and A C X closed
with x ¢ A, there exists f € C(X, [0, 1]) such that f(z) =0 and f|4 = 1.

This is a weakened version of the condition Urysohn’s lemma which is weaker than Ty
and stronger than T3.
Next time, we will use Urysohn’s lemma to prove the following result.

Theorem 1.1 (Tietze’s extension theorem). Let (X,T) be Ty, let A C X be closed, and
let f € C(A,[a,b]). Then there exists F € C(X,[a,b]) such that F|4 = f. The same holds
if C(X,a,b]) is replaced with C(X, K), where K =R or C.
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